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Let G be a locally compact group, N a closed normal subgroup, and LY a 
multiplier for G such that every a-representation of G is Type I and such that 
every or-representation of N is Type I. Let i?a be the a-dual space of N. 
Necessary and sufficient conditions are given such that Ra/G is countably 
separated. Generalizations f many known sufficient conditions for countable 
separability areeasy corollaries. 
1. INTRODUCTION 
In this paper we make the standard conventions that all topological 
groups G are locally compact and have a countable basis for their 
topologies, all Hilbert spaces and C*-algebras areseparable, andall 
multiplier r presentations of G are unitary and Borel. If 01 is a 
multiplier fo G, let Ga be the or-dual space of G. 
The purpose of this paper is to prove the following theorem. 
THEOREM 1.1. Let G be a locally compact group, N a closed normal 
subgroup, 01 a multiplier for G such that every ol-representation of G 
is Type Iand every ol-representation of N is Type I, and E a G-invariant 
Bore1 subset offlu. Consider the following statements: 
(1) E/G is countably separated. 
(2) There is aBore1 mapping f: E ---t G&, such that fis constant o  
G-orbits, andf (2) 1N is concentrated on G * R for each 2 in E. 
(3) There is a Bore1 subset B of E x Ga such that if B, is the 
vertical section of B over 2, then: (i) each Bi is nonempty and compact; 
(ii) Bf = Bo.* for a 11 a in G; (iii) each element ofBs restricts to he 
orbit G * 9; (iv) if C is closed, U is open, and C n U is 
in Ga, then B* I-I C n U is a countable union of compact sets. 
Hausdofl 
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(4) For each 9 in E, [& 1 73 j N is concentrated on the orbit G * $ 
in NE] is relatively open in its closure in(9. 
Then (I), (2), and (3) are equivalent, (4)imp&es (l), and (4) is 
equivalent to (1) in case E is relatively open in its closure inNa. 
This theorem gives necessary and sufficient conditions for a 
positive solution toa basic question in the Mackey Theory of group 
representations. We show in Section 6 that the conditions listed 
in Theorem 1.1, especially (3), are useful, by deriving as easy 
corollaries two generalizations of k own sufficient criteria forcountable 
separability. I  would be most interesting to find useful conditions 
which imply that NW/G is countably separated without assuming 
that every a-representation of G is Type I. 
In Section 2 we show that [(a, +) j $ is in NE, 6 is in &, and ii 1 N 
is concentrated on G . $1 is a Bore1 subset of Na x &. This result 
not only is a key step in the proof of Theorem 1 .I, but is also of 
vital independent use in the proofs of Corollary 3.2 and Corollary 6.1. 
Making use of hard results inPolish set theory, we show that certain 
sets of interest are Bore1 sets in Section 3. A corollary ofthe results 
of this ection and of Section 2 is the fact hat [8 in GE 1 i3 1 N is 
concentrated on a G-orbit] is a Bore1 subset of &. In Section 4
we show the equivalence of(l), (2), and (3). We then prove the 
stated relations between (1) and (4) in Section 5. Finally, we prove 
two corollaries of Theorem 1 .l in Section 6. Corollary 6.1 states 
that E/G is countably separated ifeach G,IN is discrete inGIN, 
for each 4 in E. Corollary 6.2 shows that a slight generalization of 
[2, Chap. II, Theorem 91 is a simple consequence of Theorem 1.1. 
See [2-4, 181 for the basic results and notation i operator theory 
and group representations which we will use. 
2. A CERTAIN SET IS A BOREL SET 
The purpose of this ection is to prove the following proposition. 
It has many uses. 
PROPOSITION 2.1. Let G be a locally compact group, N a closed 
normal subgroup, OLa multiplier fo G such that every a-representation 
of G is Type I and every a-representation of N is Type I. Then [(a, 73) 1ff 
is in Na, ii is in &, and ii ) N is concentrated on G * 91 is a Bore1 subset 
of I+ x ea. 
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We prove this theorem in a sequence of lemmas. Some of these 
may be of independent interest. Theprime tool used in the proof 
of Proposition 2.1is the subgroup C*-algebra C,*(G) of a group G, 
first defined byFell [8]. We begin by recalling a large number of 
facts about C*-algebras, about he subgroup C*-algebra of group, 
and about multiplier representations of a group. 
If ~9 is a C*-algebra, letRep(&) be the *-representations of 
JZ?, let Irr(&) be the irreducible elements ofRep(&), let 9(&J be 
the unitary equivalence classes ofrepresentations of ~4,and let ~4? 
be the irreducible elements of9(d). We will always give 9(d) 
the inner hull-kernel, and d the hull-kernel, topology unless other- 
wise specified. If 7r is a representation of A!‘, let i3 be the corresponding 
unitary equivalence class in 9(d). If G is a group, let C*(G) be 
the C*-group algebra ofG. 
If X is a locally compact HausdorfI space with a countable basis 
for its topology, let V(X) be the family of all closed subsets ofX, 
and let C,,(X) b e all continuous complex-valued functions with 
compact support on X. g(X) is a compact HausdorfI space with a 
countable basis in a natural topology (Fell [7]). IfG is a locally 
compact group, the closed subgroups of G, denoted by x(G), 
form a closed subset of V?(G). Fix a locally compact group G. Let 
y = [(K 4 I K is in A’-(G), and x is in K]. Y is a closed, and hence 
locally compact and HausdorfI, subset of 3?(G) x G. Let K --t pLK 
be a smooth choice of left-invariant Ha r measures onx(G); i.e., 
pK is a left-invariant Ha r measure on K and K + j&(a) dpK(a) 
is continuous on 3?(G) for all f in C,,(G). Let AK be the modular 
function for K. The mapping (K, x) + AK(x) is continuous on Y. 
Make C,(Y) into anormed *-algebra y setting 
(f * d(K 4 = S,f(K, b) g(K b-la) &K(b), 
One checks that C,(Y) may be completed ina natural norm to be a 
C*-algebra denoted by C,*(G). For K in Z(G) and f in C,,(Y), 
let fK be the element of C,,(K) defined by fit(u) = f(K, u). The 
mapping f--+ fK extends to be a *-homomorphism, denoted by 
@R, of C,*(G) onto C*(K). If rr is a representation of C*(K), then 
Wz*K = rr 0@jK is a representation of C,*(G). The unitary equivalence 
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class of Wrr~K depends only on 73, and so may be denoted W”yK. On 
the other hand, every element of C,*(G) is of the form W+?K for 
some K in X(G) and 73 in C*(R). Hence, C,*(G) is the disjoint 
union of closed subsets, each homeomorphic in a natural manner 
to some C*(R). 
Recall the following basic facts on multipliers and multiplier 
representations of groups from Mackey [18]. A multiplier for G 
is a Bore1 mapping (y. ofG x G into the complex numbers of modulus 
one such that: (1) a(e, u) = ~ll(u, e) = 1 for all a in G; (2) 
ol(ab, c)~(a, b) = ol(a, bc) ol(b, c)for all a, b, c in G. A Bore1 mapping 
r of G into the unitary operators on a separable Hilbert space is 
called an a-representation of G in case I = cu(u, b)T(U) r(b) for 
all a, b in G. Here and in the future we identify a multiplier on a 
quotient group with its inflation to the entire group, and denote 
these multipliers by the same symbol when no confusion will result. 
We do the same for representations. There exists a locally compact 
group with a countable basis, (G, a), such that certain ordinary 
unitary representations of (G, a) and the a-representations of G 
are in a natural one-to-one correspondence. As an abstract group 
(G, a) is the set G x T, where T is the circle group. The multiplication 
(g, t> . (k 4 = (gk +(g, 4) makes G x T into a standard Bore1 
group. There exists on G x T a unique locally compact group 
topology with a countable basis which generates this given Bore1 
structure. Note that T is central in (G, a) and we have an exact 
sequence of topological groups 1 --+ T -+ (G, CL) ---f G -+ e. If 7r is an 
m-representation of G, then #(g, t) = tr(g) is an ordinary unitary 
representation of (G, a). One checks that rr -+ no is a one-to-one 
correspondence between a-representations of G and ordinary repre- 
sentations of (G, a) whose restriction t  T is a multiple of the 
character x((e, t)) = t. If G is a group, T is a one-dimensional central 
torus in G, x is a character ofT, and r is a unitary representation 
of G, say that r is a x-representation of G if the restriction of n to T 
is a multiple of X. Note that here xists a one-to-one correspondence 
between x-representations of G and the set of a-representations of 
G/T, for some multiplier 01 (Mackey [17]). Denote the set of unitary 
equivalence lasses of irreducible x-representations of G by Gx. 
Gx is a closed and open subset of 6’. G has only Type I x-representa- 
tions if and only if Gx is a standard Bore1 space. If G is a group and 
01 is a multiplier for G, form (G, 01), let T = [(e, t)1 t is a complex 
number of modulus one], and let x be the character ofT defined 
by x((e, t)) = t. Let Gm be the unitary equivalence lasses ofthe set 
of irreducible a-representations of G, identified as a topological 
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and Bore1 space with (G, 01)x. We let C*(G)a be the corresponding 
quotient C*-algebra of C*((G, a)). 
If G is a group and H is a closed subgroup of G, it is a simple 
matter to check that [K 1 K is in X(G), K contains H] is a closed 
subset of X(G). The mapping of C,*(e) -+ S(G) defined by 
W~YK -+ K is continuous by Lemma 2.5 of Fell [8]. Hence, if H is a 
closed subgroup of G, C,*(e), = [W+J 1 K contains H] is a closed 
subset of C,*(e). Let CS*(G)H be the corresponding quotient C*- 
algebra ofC,$*(G). 
Let G be a group, 01 a multiplier fo G, T the one-dimensional 
central torus in (G, a) corresponding to (Y, and x the character on T 
defined byx((e, t)) = t. The mapping lV+lK -+i3 j T of C,*((c))= +
T(C*( T)) is continuous by Theorem 3.2 of Fell [8]. It is a simple 
matter to check that (x> is closed in F(C*(T)). Hence, [W+lK 1K 
contains T,i3 1 T is a multiple ofx] is a closed subset of C,?*(($)). 
Denote this closed subset by C,*((?)a, andlet CS*(G)U be the cor- 
responding quotient C*-algebra ofC,*((G, a)). Hence, C,*(ep is 
the disjoint union of closed sets, each homeomorphic to$a for 
some K in X(G), by [lo, Proposition 3.11. 
In the following sequence of lemmas we let U be a HausdorR 
subset of Na which is the intersection of a closed set and an open 
set. mN is the countable disjoint u ion of such Hausddrff subsets, 
by [4, 4.5.71. 
LEMMA 2.2. [(a, (G, a);) 12 is in U] is a Gg in U x X((G, a)). 
Proof. By [2, Proposition 2.1, p. 671, there exists a equence ofcon- 
tinuous functions di on X((G, or)), with values in [0, 11, such that 
the mapping H - (d,(H), d (H),...) is anembedding of S((G, a)) 
into the Hilbert cube. Let 4: U -+ X((G, a)) be defined by+(a) =
(G, a)* .We must show that he graph of # is a Gd in U x X((G, a)). 
But this is the case if and only if the graph of 2 --+ di(#(9)) is aG8 
in U x [0, l] for all i. But U is locally compact, Hausdorff, and
second cou_ntable, and (G, a) acts as a topological transformation 
group on Na. Hence, by a very slight perturbation of the proof of 
[2, Proposition 2.3, p. 691, each di 0 + is a lower semicontinuous 
function. Hence, by [14, Theorem 1, p. 3841, the graph of di 0 + 
is a G,. Q.E.D. 
COROLLARY 2.3. Give Cs*(&+p the hull-kernel topology. [(a, 6) / 9 
is in U, 73 is in t?‘g] isa GB in U x C$*(e)“. 
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Proof. The mapping of U x CS*(Gp -+ U x S((G, m)), given 
by (a, W+J) --+ (2, K) is continuous by [8, Lemma 2.51. But 
[(a, (G, 01)~) I i is in U] is a G, in U x X((G, cx)) by Lemma 2.2. 
Q.E.D. 
LEMMA 2.4. Give C8*(@ti the hull-kernel topology. [(a, 73) 1 4 is 
in U, 4 is in G2m, and 73 1 N is a multiple of $1 is the intersection of a G8 
and a closed set in U x Cs*(e)a. 
Proof. Give 9(C*(N)a) th e inner hull-kernel topology. The 
mapping (a, 73) --+ (a, i3 j N), of [(a, 6) j 9 is in U, 6 is in Gpa] -+ 
S(C*(N)a), is continuous by [8, Theorem 3.21. Hence, if u is the 
closure of U in NOI, [(a, 6) 1 2 is in U, i3 is in G9U, and the spectrum 
of i3 1 N is contained in 81 is the intersection of a closed set and a 
G, by Corollary 2.3. As U is the intersection of a closed set and 
an open set, U is relatively open in U. Hence, 0 - U is closed, 
and so [(a, 73) j 4 is in U, 73 is in G*@, and the spectrum of i3 / N is 
contained in B and intersects U] is the intersection of an open set, 
a closed set, and a G, ; i.e., it is the intersection of a closed set and 
a G,. Now suppose that (g,, ,i3,,) is a net of elements of [(a, 73) / 2 
is in U, 73 is in Gjm, and ii / N is a multiple of 21 which converges to 
(a, i3), an element of [(a, 6) j 32‘ is in U, ii is in &‘2a, and the spectrum 
of 7i 1 N is contained in 0 and intersects U]. If we can show that 
i3 j N is a multiple of S, then [(a, 6) I 4 is in U, 73 is in (?$a, and i3 1 N 
is a multiple of $1 is relatively closed in [(a, 73) / i is in U, 73 is in 
GSm, and the spectrum of i3 1 N is contained in U and intersects U], 
and the lemma will be proved. First, the spectrum of 8 j N intersects 
U only in the point ff. If not, let j be another element of U which 
is in the spectrum of + 1 N. Choose disjoint open subsets I’ and W 
of U such that 3 is in V and D is in W. As 73,, ] N -+ i3 j N, and as 
73,, j N = a multiple of 4 , we have that 4, -+ ~9 / N. But then gY 
must be in both V and W for large y. Contradiction. Hence, the 
spectrum of 73 1 N must intersect U only in the point f. But as U 
is relatively open in 0, the measure on NE associated to 6 / N gives 
positive mass to $. Hence, ZZ must be a direct summand of 73 1 N. 
But ii is an element of G9e. Hence, i3 I N is a multiple of 9. Q.E.D. 
LEMMA 2.5. Give CS*(e)” the hull-kernel topology. Then [(a, 6) j 2 
is in U, 39 is in G:,“, and fi 1 N is a multiple of $1 is a countably separated 
subset of U x C,*(&‘)=. 
Proof. If i3 is in G$m, let Ub be the a-representation class of G 
induced by 6. Mackey Theory states that Ufi is irreducible if ii is 
QUOTIENT SPACES 231 
irreducible. Since the mappings (a, 73) + $ and (a, i3) -+ U# are 
continuous, since they separate points byMackey Theory, and since 
U and & are countably separated, [(a, i;) /2 is in U, 13 is in Gia, 
and ii 1 N is a multiple of $1 is countably separated. Q.E.D. 
Proof of Theorem 2.1. It suffices to how that [(a, 73) 1f is in U, 
73 is in (?‘-a and i3 [ N is a multiple of$j is a standard Bore1 space. 
For if thii fs the case, then the mapping (a, fi) + (2, U+) is a one-to- 
one Bore1 mapping of [(a, 6) / 2 is in U, 73 is in Gim, and i3 j N is a 
multiple of&] onto [(a, 73) 2 is in U, 73 is in Ga, 73 j N is concentrated 
on the orbit G . $1, and the latter set will be a Bore1 set by Souslin’s 
theorem. 
For each integer n > 1, let 2% be a fixed n-dimensional Hilbert 
space, and let im be a fixed separable, infinite dimensional Hi bert 
space. If~2 is a separable C*-algebra, letIrr,(&‘) be all irreducible 
*-representations of &’ on Kn (1 < n < co). If &i is the set of 
n-dimensional elements ofd, each &k is the intersection of a
open set and a closed set in the hull-kernel topology, and J& is a 
G, in the hull-kernel topology, b  [4, Proposition 3.6.3-j. It therefore 
suffices to how that [(a, i3) 1P is in U, i3 is in (GtU), , and 6 j N is a 
multiple of$1 is a standard Bore1 space, for each 1 < n < co. But 
by the preceding comments, by Lemma 2.4, and by [4, Theorem 
3.581, the inverse image of [(a, i;) 1ff is in U, ii is in (G’;a), , and 
i3 j N is a multiple of$1 in U x Irr,(C,*(G)“l) is theintersection 
of a closed set and a G6. U(Zn), the unitary group on 8,) acts 
as a polonais transformation group on U x Irr,(C,*(G)&) by (2, 7r) --+ 
(a, VrY*), and satisfies Condition D of Effros [5]. Recall that a
G, subset of a polonais space is again polonais. It is a simple matter 
to check that if (G, X) is a polonais transformation gr up which 
satisfies Condition D,and if Y is a G-invariant G6 in X, then (G, Y) 
is a polonais transformation gr up which also satisfies Condition D.
Hence, ‘U(Z’) acts as a polonais transformation group which satisfies 
Condition D on the above inverse image. Now the quotient ofthis 
inverse image by U(Y&) is countably separated by Lemma 2.5 and 
by [4, Proposition 3.8.31. But then the implication (7)+ (11) of 
[5, Theorem 2.91 implies that the quotient isa standard Bore1 
space. Q.E.D. 
3. SOME RESULTS IN POLISH SET THEORY 
This section consists of a number of results inPolish set heory 
which are needed to prove Theorem 1.1. 
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PROPOSITION 3.1. Let X be a standard Bore1 space and let Y be a 
Polish space. Let B be a Bore1 subset ofX x Y such that each nonempty 
vertical section fB is a countable union of compact sets. Then the 
projection of B on X is a Bore1 subset of X. Furthermore, there xists 
a Bore1 subset C of B such that each nonempty vertical section fB 
intersects C inone and only one point. 
Proof. Kunugui showed that the projection fB onto X is a 
Bore1 set in case each vertical section of B is compact, in [12, 
Corollaire 21. He also showed that C exists in case X and Y are 
the reals and each vertical section of B is compact, in [ 12, Corollaire 
to Theoreme 121. Furthermore, Arsenin [l] and Kunugui [13] 
showed that the projection of B onto X is Bore1 in case X and Y 
are the reals, and Shchegolkov [19] showed that C exists in case 
X and Y are the reals. Finally, Larman [16, Sect. 21 showed that 
the projection ofB onto X is Borel, and he outlines how to show 
the existence ofC in [16, Remark after Lemma 71. 
In view of the importance (for this paper) of these results, it
might be well to indicate how they follow in the general case from 
the corresponding results for the plane. All of the following isbased 
on a sequence of tricks used by Kunugui [12, pp. lOO-1031. First, 
since X is standard, X is Bore1 isomorphic either to the integers 
or to [0, 11. In the first case, there is nothing to prove. Hence, we 
may assume that X = [0, I]. Let fi be an embedding of Y onto 
a G, subset of )& [0, I]. Such an fi is known to exist. Hence, 
we may assume that Y is a G8 subset of X,>r [0, I]. Let K be the 
Cantor subset of [0, 11. If x is in K, x = (43) -I- (43”) + **a, 
where each ck is either 0 or 2. Let f2: K -+ [0, l] be defined by 
f;’ 7 y) + w23) + ... . f2 is continuous and onto [0, 11. 
K-t Xa>i [0, I] be defined by f3((x1 , x2 ,...)) = 
&dr,c~i~..,. f3 is continuous and onto, and if S is a subset 
of )& [0, I], then S is a countable union of compact sets if and 
only iff;i(S) is a countable union of compact sets. But K is homeo- 
morphic to )&i K, by f4: K -+ )& K, say. Let f’ = f3 0 f4, 
L =f’-l(Y), and f = f’ IL. f: L + Y is continuous and onto, and 
if S is a subset of Y, then S is a countable union of compact sets 
if and only if f-l(S) . is a countable union of compact sets. NOW 
[0, I] x L is a Bore1 subset of the plane, and @: [0, I] x L - 
[O, l] x Y, given by @(x, K) = (x,f(k)), iscontinuous and onto. 
Hence, @-l(B) is a Bore1 subset of the plane, and by the properties 
off, each vertical section of @-l(B) is a countable union of compact 
sets. Let C be a Bore1 subset of the plane which intersects each 
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nonempty vertical section f@-l(B) in one and only one point. 
Then O(C) intersects each nonempty vertical section fB in one 
and only one point, O(C) is a Bore1 set by Souslin’s theorem, and 
the projections of B and @-l(B) on X are the same Bore1 set. Q.E.D. 
The following surprising corollary is a consequence of Proposi- 
tions 2.1 and 3.1. It will play no role in the proof of Theorem 1.1, 
but it seems to be of interest in itself. 
COROLLARY 3.2. Let G be a group, N a closed normal subgroup 
of G, and LY. a multiplier fo G such that every ol-representation of G 
is Type I and every or-representation of N isType I. Then [i; )i3 1 N 
is concentrated on a G-orbit in Na] is a Bore1 subset of &. 
Proof. Let U be a Hausdorf? subset offla which is the intersection 
of a closed set and an open set. (a, 8) ( 73 1 N is concentrated on 
G * $1 is a Bore1 subset of U x 6 oL by Proposition 2.1. For each 
4 in U, [a in G j a * 4 is in U] is the intersection of an open set and 
a closed subset of G, and hence is the union of a countable number 
of compact subsets ofG. Hence, [a -4 1 a is in G and a * d is in U] 
is a countable union of compact subsets ofU, for each 3in U. Hence, 
each horizontal section f[(a, i3) [i3 1 N is concentrated on G * $1 
is a countable union of compact subsets ofU. Hence, by Proposi- 
tion 3.1, the projection of this et onto the em-axis a Bore1 subset 
of G”. Since N0 is the countable union of such U’s, [i; 173 1 N is 
concentrated on a G-orbit nflUI is a Bore1 subset of ea. Q.E.D. 
LEMMA 3.3. Let X be a standard Borel space, and let Y be a locally 
compact Hausdorff space with a countable basis for its topology. Let 
x -+ C(x) be a Borel mapping of X + U(Y). Then [(x, y) I x in X, 
y in C(x)] is a Borel subset of X x Y. 
Proof. [(x, CWY) I x is in X, y is in Y] is a Bore1 subset of 
X x U(Y) x Y since the graph of the Bore1 function x -+ C(x) is 
a Bore1 subset of X x U(Y). [(x, K, y) 1 x is in X, K is in V(Y), 
y is in K] is also a Bore1 subset of X x V(Y) x Y since one may 
easily check that [(K, y) j K is in U(Y), y is in K] is a closed subset 
of U(Y) x Y. Hence, [(x, C(x), y) 1 x is in X, y is in C(x)] is a Bore1 
subset of X x V(Y) x Y since it is the intersection of these two 
sets. The mapping (x, K, y) -+ (x, y) is continuous and one-to-one 
on C(x, C(x), Y) I x is in X, y is in C(x)]. Hence, its image, [(x, y)1 x is 
in X, y is in C(x)], isa Bore1 subset of X x Y by Souslin’s theorem. 
Q.E.D. 
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LEMMA 3.4. Let X be a standard Bore1 space, and let Y be a locally 
compact Hausdofl space with a countable basis for its topology. Let B 
be a Bore1 subset of X x Y, and for each x in X, let B, be the vertical 
section fB over x, viewed as a subset of Y. Suppose that each B, 
is a countable union of compact sets. Then [(x, y) 1 x is in X, y is in 
the closure ofB,. is a Bore1 subset of X x Y. 
Proof. The proof of this lemma is modeled on the proof of 
[I 1, Proposition 2.11. First, following Moore (see [2]), let d(*, .) 
be a complete metric on Y defining the topology of Y, let b(y) be 
the supremum of those numbers r such that the closed unit ball of 
radius r at y is compact, and let d,(S) = min( 1, b( y)/2, d( y, S)), 
where d(y, S) is the distance ofy to S, for each subset S of Y. Note 
that d(y, S) = d( y, S), and so d,(S) = d,(S), where s denotes the 
closure of S. If [yn j n > l] is a countable d nse set in Y, let d,(S) = 
d,,(S). The d,( .) separate points in 97(Y) and define an embedding 
of g(Y) into a countable product of unit intervals. A mapping f 
from a Bore1 space to %(Y) is a Bore1 mapping if and only if d,( f(*)) 
is a Bore1 mapping for each 71. 
We first claim that the mapping x + B, is a Bore1 mapping. 
Fix y in Y and E > 0. We only need show that [x 1 d,(B,) < E] 
is a Bore1 subset of X, or [x 1 d&B,) < ~1 is a Bore1 subset of X. 
If E > min( 1, b( y)/2), [x 1 d&B,) < ~1 = X. Next, we may suppose 
that E < min( 1, b(y),‘2). Then [x 1 d,(B,) < ~1 = [x 1 the intersection 
of B, and [z / d(y, x) < ] E is not empty] is the projection onto the 
X-axis of the intersection of B and X x [z 1 d(y, x) < E]. Since 
each B, is a countable union of compact sets, each vertical section 
of this intersection is also acountable union of compact sets. Hence, 
the projection of this intersection onto the X-axis is indeed a Bore1 
set by Proposition 3.1. Hence, x -+ B, is indeed a Bore1 mapping. 
The lemma now follows from Lemma 3.3. Q.E.D. 
PROPOSITION 3.5. Let X be a standard Bore1 space, and let Y be a 
locally compact Hausdorfl space with a countable basis for its topology. 
Let B be a Bore1 subset ofX x Y such that each vert{cal section, viewed 
as a subset of Y, is relatively open in its closure. Then [x 1 the vertical 
section fB over x is closed inu] is a Bore1 subset of X. 
Proof. Let B, be the vertical section of B over x, viewed as a 
subset of Y. Since B, is relatively open in its closure, B is a countable 
u’nion of compact sets. Hence, by Lemma 3.4, B’ = [(x, y) 1 x is 
in X, y is in B,J is a Bore1 subset of X x Y. Hence, B’ - B is a 
Bore1 subset of X x Y. Each vertical section of B’ - B is closed 
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since each vertical section of B is relatively open in its closure. 
Hence, by Proposition 3.1, the projections f both B' and B' - B 
onto the X-axis are Bore1 sets. Hence, the difference of these projec- 
tions is again a Bore1 set. But the difference of these projections is 
[x 1 B, is closed]. Q.E.D. 
4. THE EQUIVALENCE OF (l), (2), AND (3) 
First, let us show that (1) implies (2). Since E/G is countably 
separated, there xists a Bore1 subset C of E which is a transversal 
for the orbits of G. Let f: E --t C be the Bore1 function which assigns 
to each 4 in E the unique element in the intersection of G * 4 and Cl. 
Choose a countable ordinal y, and for each ordinal p < y, choose 
an open set U, , such that p < /3 implies that U, is contained inU, , 
U, = 4, U, = Ga, each U,,, - 77, is Hausdorff, and Up = uDco U, 
if p is a limit ordinal. For each ordinal p such that 0 < p < y, define 
C, and D, by transfinite nduction as follows. C, = [(a, 73) 19 is 
in C, ii is in U, , and 73 j N is concentrated on G * a], and D, equals the 
projection fC, onto C. If 0 < p < y, set C, = [(a, i3) 19 is in 
C - u4<r,DB,+ isin U,,, - U, , and +i 1 N is concentrated on G * $1, 
and let D, be the projection of C,, onto C. 
Now for each 3 in C,, [+ in U,,,, - 77, jii 1 N is concentrated 
on G * Z] is a countable union of compact sets. To see this, recall 
that Mackey Theory states that there xists a multiplier wr for G; , 
an element 6 of ($1, and a multiplier w2 of G,/N such that 0: a” -+ 
n 
a” @ 6 is a one-to-one mapping of (GJN)“a onto [b in Gza 1 ci j N is 
a multiple ofa]. Let h: (GG)“I + Ga be the mapping which assigns 
to each a” in (Gs)“a the element of GE induced by Q” @ 6. The 
mapping h is continuous, by [l 1, Lemma 4. l] and by [6, Theorem 4.11. 
Since U,,, - U, is the intersection of an open and a closed set, 
its inverse image under h is the intersection of an open and a closed 
set in (GG)‘% Hence, this inverse image certainly isa countable 
union of compact sets. Hence, the intersection of U,,,, - U, and 
the range of h is a countable union of compact sets. Hence, Mackey 
Theory now states that [73 in U,,, - U,, 1 73 1 N is concentrated on 
the orbit G . $1 is a countable union of compact sets. A simple trans- 
finite induction and Proposition 3.1 now show that the C,, and the 
D, are Bore1 sets. For each D, choose a Bore1 subset F, of C, which 
’ See the Appendix for the existence ofC and f. 
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intersects each vertical section fC,, in one and only one point. 
F,, exists byProposition 3.1. Let F be the union of the F,, . Then 
F is a Bore1 subset of [(a, i3) 1d is in C, ii is in &, and 73 1 N is con- 
centrated on G * $1, and F intersects each nonempty vertical section 
in one and only one point. F is the graph of a Bore1 functiong: C -+ %a 
such that g(4) 1N is concentrated on the orbit G * 3. Then g 0 f: 
E-t Gm is a Bore1 function whose graph is a Bore1 subset of E x ea 
which satisfies th  properties of (2) of Theorem I. 1. 
Next, let us show that (3) implies (1). For each 4 in E, let Bk 
be the vertical section fB over 4. Note that for each 9 in E, there 
is an ordinal p such that B* A (U,, - U,-,) is compact and therefore 
closed inU, - U,,-, , and that he intersection of Biwith the com- 
plement of U, is empty. Merely take pto be the smallest ordinal /3
such that he intersection of B; with the complement ofU, is empty. 
p is not a limit ordinal, for if it were, U, = (JBcr, U, .Since BE is 
compact, B; would be contained inU, for some /3 < p. Hence, 
p has a predecessor, p - 1. Since the complement ofU,-, is closed, 
Bi n (U, - .!I,-,) is compact and therefore closed in U,, - U,-, 
since U,, - Up-, is Hausdorff. For each ordinal /3 < y, Bi n 
p+1 - U,) is a countable union of compact sets, since ach 
8+1 - U, is Hausdorff. Hence, B n (E x (U,,, - U,)) is a Bore1 
subset of E x (U,,, - U,), each of whose vertical sections i a 
countable union of compact sets. Hence, if C, is the projection 
of Bn(E x (U,+,- U,)) onto E, CD is a Bore1 subset of E. Let 
D, = CO - (Jp>a (C, n C,). Each D, is a G-invariant Bore1 subset 
of E, and E = uBcv D, . Hence, it suffices to how that each Do/G 
is countably separated. Foreach f in D, , let F(g) be the projection 
onto U,,, - U, of [(a, 73) 1(a, 73) is in (E x (U,,, - U,)) n B]. 
f ---t F(9) is a Bore1 mapping of D, into V( U,,, - U,) which is 
constant onG-orbits, by [I 1, Proposition 2.11. Mackey Theory also 
shows that $ + F(4) separates orbits. Hence, Do/G is countably 
separated. 
Implication (2)implies (3) is simple to verify, for the graph off 
is a Bore1 subset of E x Gd, which has all the properties d ired 
of B in (3). 
5. THE RELATIONS BETWEEN (I) AND (4) 
First assume that E is relatively open in its closure, and let us 
show that (1) implies (4). Write E = i? n U, where E is the closure 
of E, and U is open in N”. If i3 is in Ga, say that +1 N is concentrated 
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on E in case the spectrum of i3 1 N is contained inJ!? and intersects U. 
Let GE = [i3 ji3 is in Ga, 73 1 N is concentrated on E]. ci is the 
intersection of an open and a closed set in &, by [6, Theorem 2.31. 
Note that if ii is in G”, a is in E, and + 1 N is concentrated on G * 2, 
then i3 certainly isin GE. Conversely, suppose i3 is in Gz. Let p 
be a finite ergodic Bore1 measure on NM associated with ii 1 N. Since 
E is G-invariant, P(N~ - E) = 0, by [6, Theorem 3.31. Next, 
p(,!? - E) = 0. If not, p(E - E) and p(E) = p(E n U) are both 
positive. Since E - E and E are both G-invariant, and since p is 
ergodic, we have a contradiction. Thus, p(Na - E) = 0. Since 
E/G is countably separated, ii must restrict to a G-orbit in E. Thus, 
C$ = [i3 j73 is in Ga, i3 1 N is concentrated on a G-orbit in E]. 
Let 7: G; + E/G be the mapping which associates to each 
element of G; its corresponding orbit in E/G. Give E/G the quotient 
topology. 7 is continuous, for if M is a relatively c osed G-invariant 
subset of E, cl(M) is relatively c osed in G;, by [6, Theorem 2.31. 
By [9, Theorem I], each element of E/G is relatively open in its 
closure. Hence, 7-l of any element of E/G is relatively open in its 
closure in G; . Statement (4) now follows by elementary Mackey 
theory, since GE itself isrelatively open in its own closure. 
Next, let us show that (4) always implies (1). Let the UO’s be as 
in Section 4. Let C, = [(a, i3) j9 is in E, i3 is in U, , ii 1 N is con- 
centrated on G * $1, let D,, be the projection of C, onto E, let C,, =
[(a, 73) ]2 is in E - &,, D, , i3 is in U,,, - U, , 73 / N is con- 
centrated on G . $1, and let D, be the projection of C, onto E. Each 
vertical section of C, is relatively open in its closure in U,,, - U, , 
so a simple transfinite nduction and Proposition 3.1 show that the 
C, and the D, are Bore1 sets. As the D,‘s are disjoint and G-invariant, 
it suffices to show that D,/G is countably separated for any p. 
Hence, suppose that D is a G-invariant Bore1 subset of E, that 
W is a Hausdorff subset of Ga which is the intersection of a closed 
set and an open set, and that C is a Bore1 subset of D x W which 
projects onto D, which has vertical sections which are relatively 
open in their closures, whose vertical sections over each G-orbit 
are the same, and such that if i3 is in the vertical section f C over f, 
then 73 j N is concentrated on the orbit G * 2 in Na. Let IV, (n > 1) 
be a sequence of open subsets of W which forms a base for the 
topology of W. Let D, = [a j 2 is in D, (the vertical section of C 
over 9) n WI is relatively closed in WI], C, = (Dl x W,) n C, 
D, = [a 1 2 is in D - Ui~~<,+i D  , (the vertical section of C 
over 9) n W, is relatively c osed in W,], and C, = (On x W,) n C. 
The Dn’s, and thus the Cn’s, are Bore1 sets by Proposition 3.5. 
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The union of the D,‘s is all of D, for C projects onto D, each vertical 
section fC is relatively open in its closure, and the Wn’s form a 
basis for the topology ofIV. Each D, is G-invariant by construction 
since the vertical sections ofC over each G-orbit are the same. 
Hence, it suffices to how that each D,/G is countably separated 
in order to show that D/G is countably separated. Fixsome n > 1. 
For each 4in D, , let F(4) be the vertical section fC, over R, viewed 
as a closed subset of W,. ff -+ F(g) is a Bore1 mapping of D, into 
%( IV,) which is constant on G-orbits, by [l 1, Proposition 2.11. 
Mackey Theory also shows that 3-+F($) separates orbits. Hence, 
D,/G is countably separated. 
6. Two COROLLARIES 
The purpose of this ection isto derive two general results which 
give sufficient co ditions forcountable s parability. The  are both 
easy consequences of Theorem 1.1. 
Notice that he following corollary pplies incase N is open in G 
or if G/N acts freely onNa. 
COROLLARY 6.1. Let G be a locally compact group, N a closed 
normal subgroup, 01 a multiplier for G such that every cll-representation 
of G is Type I and every wrepresentation of N is Type I, and E a 
G-invariant Bore1 subset offlu. Suppose that for every 3 in E, G,/N 
is discrete. Then E/G is countably separated. 
Proof. We construct a Bore1 subset B of E x & which satisfies 
condition (3) of Theorem 1.1. Let B = [(a, 6)1 4 is in E, 73 is in Ga, 
and 73 1 N is concentrated on G * $1. B is a Bore1 subset of E x CM, 
by Proposition 2.1. B satisfies all of the conditions stated in (3) 
by combining elementary Mackey Theory with [ll, Lemmas 4.1, 
4.2, and 4.41. Q.E.D. 
Our next goal is to show that a generalization of [2, Chap. II, 
Theorem 91, is a consequence of Theorem 1 .l. We first et up some 
notation a d recall some facts needed to understand this result, 
all of which can be found, modulo some simple modifications and 
perturbations, n [2]. Let L be a group, K a closed normal subgroup, 
w a multiplier fo K, and w the element of H2(K, T) corresponding 
to w. L has a natural ction H2(K, T). K acts trivially on H2(K, T), 
and so there is a natural ction fL/K on H2(K, T). If 7 is an w-repre- 
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sentation fK, let p(n) be the corresponding projective w-representa- 
tion of K. If n and 7~’ are w-representations of K, then p(r) = p(r’) 
if and only if 7~ and 7~’ differ by an element of X(K), the character 
group of K. If r and 7’ are unitarily equivalent w-representations 
of K, then p(r) and p(&) are equivalent projective ru-representations 
of K. Hence, the equivalence class of p(r) in &?‘, the set of equivalence 
classes of projective w-representations of K, may be denoted by 
p(G). X(K) acts on &’ by (x, 6) + x * ii. The stability group of 
X(K) at i3 depends only on p(G), and so may be denoted by X(K),(,) . 
L has a natural action on X(K), and if L leaves ~(73) fixed, then L maps 
X(K),(,) into itself, andthus also has a natural action on A( p(G)) =
www), (79) * 
Now consider the following setup. Let G be a group, N a closed 
normal subgroup, and (Y a multiplier for G such that every ol-repre- 
sentation fG is Type I and every or-representation of N is Type I. 
Let E be a G-invariant Bore1 subset of Na. Suppose that for each 9 
in E, G* = H, a fixed subgroup of G. H is then a normal subgroup 
of G which contains N. If 9 is in E, a Mackey obstruction cocycle 
is a multiplier w(a) on H/N such that here is an w(4)-l-representation 
equivalence class j on H whose restriction o N is 2 (not just amultiple 
of a). The class of w(a) in H2(H/N, T) is uniquely determined. 
Suppose that the class of each ~(9) (9 in E) in H2(H/N, T) is the 
same, say w, and let o be a fixed multiplier whose class in Hz(H/N, T) 
is w. 
COROLLARY 6.2. Use the above notation. Suppose that here is an 
element i of (H%)w such that p(i) is G/H-invariant, d such that 
A( p(X)) is compact. Then E/G is countably separated. 
Proof. We may without loss of generality assume that each 
element of E has the same dimension, say infinite. L tB’ be the 
graph of a Bore1 function f: E + Irr(C*((H, w-l))) such that the 
unitary equivalence lass off (2) 1N is k, for each R in E. B’ exists 
by a simple xtension of [2, Chap. II, Theorem 61. B’ is a Bore1 
subset of E x Irr(C*((H, w-l))). Let B = [(a, i;) 1$ is in E, 73 is 
in Ga, i3 is an a-representation equivalence class of G induced from H 
by a representation of the form x * h @f(a), x in X(H/N)]. B is a 
Bore1 subset of E x Ga by Souslin’s theorem, for B is the continuous 
one-to-one image of D x B’, where D is a Bore1 cross ection for 
the quotient X(K)!X(K),(x, , by a simple modification f [l 1, 
Lemma 4. l] and Mackey Theory. One checks that all the assumptions 
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needed to apply (3) of Th eorem 
our assumption that A( p(n)) 
1 .l hold, by Mackey Theory, by 
is compact, and by simple modifications 
of [ll, Lemmas 4.1 and 4.41. Q.E.D. 
7. APPENDIX 
The cross section theorem used in the beginning ofSection 4 does 
not appear to be in the literature. At anyrate it is asimple consequence 
of Proposition 3.1. 
PROPOSITION 7.1. Let G be a locally compact group with acountable 
basis, and let E be a standard Bore1 G-space such that E/G is countably 
separated. Then E/G is standard, and there is a Bore1 cross section 
h: E/G -+ E. 
Proof. By Varadarajan’s theorem [2, Proposition 3.4, p. 151 we 
may assume that here is a Polish space F which contains E and on 
which G acts as a topological tr nsformation group. We may think of 
E/G as sitting  [0, I] since it is countably separated. Letg: E -+ E/G 
be the natural quotient mapping. The graph of g is a Bore1 subset B 
of F x [0, I]. Each horizontal section fB is a countable union of 
compact sets ince ach such section iseither mpty or is a G-orbit 
in F. Hence, Proposition 3.1implies that he projection of B, namely 
E/G, is a Bore1 subset of [0, 11. Furthermore, there xists a Bore1 
subset B’ of B which intersects each nonempty horizontal section f
B in one and only one point. Let h, = ((projection onto E/G) ( B’)-l, 
h, = projection onto F, and h = h, o h, . Q.E.D. 
Note that h(E/G) is a Bore1 subset of E by Souslin’s Theorem 
which intersects each G-orbit nE in one and only one point. The 
Bore1 function f :E -+ h(E/G), f= h o g, takes each x in E into 
G - x n h(E/G). 
In a similar manner one may prove the following proposition. 
PROPOSITION 7.2. Let E be a Bore1 subset ofa Polish pace F, and 
let R be a relation on E such that each R-equivalence class i a countable 
union of compact sets. Suppose that E/R is countably separated. Then 
E/R is standard, andthere is a Bore1 cross ection h: E/R + E. 
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